Abstract: Fibonacci zone plates are proving to be promising candidates in image forming devices. In this letter we show that the set of Fibonacci zone plates are a particular member of a new family of diffractive lenses which can be designed on the basis of a given m-bonacci sequence. These lenses produce twin axial foci whose separation depends on the m-golden mean. Therefore, with this generalization, bifocal systems can be freely designed under the requirement at particular focal planes. Experimental results support our proposal.
Introduction
Photonics technology has benefited in recent years by the emergence of several novel devices designed and constructed using quasi-periodic and fractal structures. Diffractive Optical Elements (DOEs) designed with such structures have been demonstrated unique features with multiple applications [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Fractal zone plates (FZPs), introduced in 2003 by our group [1] , are multifocal lenses that exhibit a wide depth of focus [2, 3] and have low chromatic aberration [4] [5] [6] . It has been shown, that the focal length of a FZP can by finely tuned by means of the so-called lacunarity of the structure [7, 8] . This feature in conjunction with the intrinsic self-similarity of the fractal beam produce, allow simultaneous optical trapping and manipulation of multiple particles, separately, at different focal planes [12, 13] . Therefore, FZP beams would be useful for constructing versatile 3D optical tweezers [14, 15] . FZPs have found applications in ranges of the electromagnetic spectrum outside of the visible. In a transmission X-ray microscope, FZP was proposed not only as an image-forming lens but also as a condenser element to achieve an extended depth of field [16] . Promising applications in THz technology were also recently proposed [17] .
FZPs are also able to perform multiplexing of encrypted data [18, 19] and their generalized blaze counterparts: the Devil's vortex lenses provide rich phase masks which contribute to enhance security (robustness against occlusion and noise attacks) in watermarking schemes in addition to overcoming the problem of axis alignment in the optical setup [20] .
Among aperiodic based DOEs, Fibonacci gratings [9, 21] have been used to transform evanescent waves into propagating waves for superresolution imaging. In addition, the selfsimilarity of these structures is important because render them robust against manufacturing defects and damages. It has been proved that DOEs with nearly 50% of degradation, can still be used in image-forming devices without loss of performance capabilities, allowing applications in harmful working conditions [22] . Fibonacci zone plates [23] [24] [25] [26] [27] stand out for producing two foci, that are located one in front and one behind the focus of an equivalent Fresnel zone plate of the same number of zones. The axial positions of these foci are given by the Fibonacci numbers, being the golden mean the ratio of the two focal distances. The golden mean also accounts for the energetic balance of both foci and for their axial and transverse resolution.
It is important to note that the above-mentioned aperiodic based DOEs do not have special requirements to be produced (i.e. not different from the equivalent Fresnel zone plates). Indeed, several methods have been employed to do that, like printing on graphic films using a high resolution photo-plotter [5] , chemically amplified photoresist by UV laser direct writing technique [3] , 3-D printing [17] , and more frequently, using liquid crystal on silicon spatial light modulators (SLMs) [5, 8, [13] [14] [15] 17] .
In this work, we present the m-bonacci zone plates as a meaningful generalization of the Fibonacci zone plates. The focusing properties of this family of DOEs is investigated and the imaging properties are experimentally verified.
Lens design
The new family of aperiodic diffractive lenses that we propose is inspired in the most general mathematical set of the recognized Fibonacci numbers which are known as the m-bonacci numbers [28, 29] . These sets of elements { } In the same way, the generalized golden mean or golden ratio is defined as the limit of the ratio of two consecutive m-bonacci numbers:
It is easy to demonstrate that the above limit results in the transcendental equation
The above equation for 2 m = (Fibonacci) has the following solution 2 1.618 ϕ . In this work, our aim is to show how each of these sequences, developed up to a given value of S , can be used to design a zone plate (ZP). For example, as shown in Fig. 1 
Focusing properties
To evaluate the focusing properties of these new diffractive lenses we have computed the axial irradiance provided by them under monochromatic plane wave illumination of wavelength λ . Within the Fresnel approximation, the irradiance along the reduced axial
Two particular examples of m-bonacci lenses have been considered, both for the same level S = 8, the tri-bonacci and tetra-nacci zone plates: These lenses are shown in Fig. 2 . By replacing corresponding the transmittance functions , but its relative maxima depend on the zones width. 
Imaging properties
To test the image forming capabilities of m-bonacci ZPs we have employed the experimental setup shown in Fig. 4 . The m-bonacci ZPs shown in Fig. 2 were implemented on a Liquid Crystal in a Silicon SLM (Holoeye PLUTO, 8-bit gray-level, pixel size 8 μm, and resolution 1920 × 1080 pixels), calibrated for 632.8 nm wavelength. The illumination system consisted of a collimated LED (Mounted High-Power LED, CW, 1000 mA). A filter allows us to select a wavelength in the visible range λ = 633 nm with a bandwidth of 10 nm. The beam was collimated by the lens L1 (focal length 100 mm) and directed to a test object (a smiley face), which was located at the focal plane of the lens L2 (focal length 200 mm). In addition to each m-bonacci lens, a linear phase carrier was modulated on the SLM to drive the light diffracted by of the odd zones of the lens out of the optical axis, generating in this way the dark zones of the amplitude lens and to avoid noise originating from the specular reflection (zero order of diffraction). This linear phase is compensated by tilting the SLM. In this way, the addressed signal was guided by the first diffraction order into the focal plane of lens L3 where a diaphragm (D) filters all diffraction orders except the first one. Lenses L3 (focal length 200 mm) and L4 (focal length 100 mm) conform a 4f setup with 0.5 magnification. Then at the L4 lens focal plane (exit pupil) a rescaled image of the desired lens pupil is achieved. Images of the test object produced by the diffractive lenses were then captured and registered with a CCD camera (8 bit gray-level, pixel pitch of 3.75 μm, and 1280 × 960 pixels) mounted on a translation stage (Thorlabs LTS 300; range 300 mm; precision 5 μm) along the optical axis (z). In Fig. 5 the resolution of the lenses is limited by the width of the outermost ring (as happens for a Fresnel zone plate). Therefore, the tribonacci lens has a lower resolution than the Tetranacci lens. On the other hand, as there are two axial foci, the images corresponding to each focus have a reduced contrast because the twin out-of-focus image is superimposed to the in-focus image. This effect is more evident when both images become closer as happens for the Tetranacci images compared with Tribonacci ones.
Conclusions
We have presented a new family of diffractive lenses based on the generalized m-bonacci sequence. These lenses are naturally bifocals and the ratio of the two focal distances is related with the m-golden mean involved in the quasi-periodic structure. The imaging capabilities of the tribonacci and tetranacci lenses have been demonstrated experimentally. As the axial separation between the two foci can be tuned by a proper selection of the m-order, and taking into account that at present there are electronic devices that can be switchable at near real time to allow different configurations, these lenses offer a versatile alternative that can be advantageously used in several potential applications as for instance, bifocal contact and intraocular lenses, multiple plane optical trapping, optical micromachining, and confocal microscopy. Additionally, the concept of m-bonacci lenses can be easily extended to other geometries, like compound zone plates [6] , photon sieves [10] and square zone plates [11] .
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